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Abstract. In this paper we prove that the only algebraic constant mean curvature (cmc) surfaces 
in R 3 of order less than four are the planes, the spheres and the cylinders. The method used heavily 
depends on the efficiency of algorithms to compute Groebner Bases and also on the memory capacity 
of the computer used to do the computations. We will also prove that the problem of finding 
algebraic constant mean curvature hypersurfaces in the Euclidean space completely reduces to the 
problem of solving a system of polynomial equations. 



1. Introduction 

There is no doubt that level sets of a polynomial function on R 3 are among the easiest surfaces to 
describe. These surfaces are called algebraic, and the degree of the polynomial defines the order 
of the algebraic surface. Some examples of surfaces with constant mean curvature (cmc) that are 
algebraic are planes, spheres, cylinders and Enneper surfaces with order 1, 2, 2 and 9 respectively. 
The planes and the Enneper surfaces are minimal, that is, they have mean curvature 0. It is known 
that any algebraic minimal surface in R 3 different from a plane must have order greater than 5, 
see page 162 of Nitsche book [3]. Here we will be considering non- minimal algebraic surfaces with 
cmc. The only known examples are the cylinders and the spheres. In this paper we give a first 
step toward a proof that these surfaces may be the only ones. We prove that the level set of an 
irreducible polynomial of degree three cannot be a surface with constant mean curvature. The 
method used consists in finding equations for the coefficients of the polynomial whose level set have 
cmc. Theoretically, we can get as many equations as we want but the computations needed to get 
the equations get harder and harder as the number of equations increases as well as the complexity 
of the equations obtained. 

The author would like to express his gratitude to Professor William Adkins for giving him references 
and explanations on the real nullstellensatz theorem. 



2. Main Result 
Let us start this section with the following lemma, 

Lemma 2.1. Let f : R™ — > R be a smooth function, S = /~ 1 (0) and S r = {x € S : Vf(x) ^ 0}. 
The mean curvature of S r is given by 



H{X) = 2(n-l)|V/| 3 (2|V/|2A/ " (V|V/|2 ' V/)) 
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Proof. Since — defines a Gauss map on S r , we get that the second fundamental form on S r is 
given by 

ll(v,w) = jyjj (D 2 f( v )-, w) where D 2 f is the Hessian matrix of / 
If follows that the mean curvature of S r at a point x is given by 

^ n— 1 

.ff (x) = y (D 2 f(vi),Vi) where {^i, . . . , u n -i} is any orthonormal basis of T x S r 

(n — 1)| V/ 1 

The lemma follows by using the following two facts: A/(x) = (Z? 2 /(y^^), jy^) + XX=l {D 2 f{vi),Vi) 
and (V|V/| 2 , V/) = V/(V/, V/) = 2(D 2 / V/, V/). 

□ 

Lemma 2.2. Lei / : R n — > R be an irreducible polynomial. 7// _1 (0) has constant mean curvature 
H , then there exists a polynomial p : R n — > R such that 

(2|V/| 2 A/ - (V|V/| 2 , V/}) 2 - 4(n - l) 2 tf 2 |V/| 6 =pf 

Proof. It follows from Lemma 12,11 and the following variation of the Real Nullstellensatz Theorem 
that can be found in page 14 of Milnor's book [2]: 

Let V be a real or complex algebraic set defined by a single polynomial equation f(x) = 0; with f 
irreducible. In the real case make the additional hypothesis that V contains a regular point of f. 
Then every polynomial which vanishes on V is a multiple of f. 

□ 

As a consequence of the previous lemma we have that the problem of finding algebraic hypersurfaces 
with constant mean curvature in R n reduces to the problem of solving a system of polynomial 
equations. 

Theorem 2.3. // / : R 3 -> R is an irreducible polynomial, then f 1 (0) cannot be an immersed 
surface with cmc. 

Proof. Let us argue by contradiction. Let us assume that S = /~ 1 (0) is a complete constant mean 
curvature surface different from a sphere or a cylinder. By considering a dilation of S instead if 
needed, without loss of generality, we may assume that the mean curvature of S is 1. By pQ, we get 
that the Gauss curvature of S must change sign. It follows that there must exist a non constant 
curve a in S where the Gauss curvature vanishes. We will consider two cases: Case I when there 
is point in a where the gradient of / is not the zero vector and Case II when the gradient of / 
vanishes on a. 

Let S r be the set of regular points in S, that is 



S r = {x € S C R 3 : V/(x) ^ (0,0,0)} 

Notice that S r is not empty, otherwise M will be contained in the quadric (0). 

Case I: Without loss of generality, we can assume that the origin = (0, 0, 0) is in S r and that the 
gradient of / at is the vector (0,0, 1); that is, we may assume that / takes the following form 
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Q Q Q Q Q Q Q Q 

/ = ai x 1 + a 2 x 2 + a 3 x 3 + a 4 X! x 2 + a 5 x 1 x 3 + a 6 x 2 xi + a 7 x 2 x 3 + a 8 x 3 x x + 
a 9 x 3 2 x 2 + aio xi x 2 x 3 + &1X1 2 + 6 2 x 2 2 + 6 3 x 3 2 + 64X1 x 2 + b 5 xix 3 + 6 6 x 2 x 3 + x 3 

Since in this case we are assuming that there exists a regular point in M where the Gauss curvature 
vanishes, we will also assume that the Gauss curvature at is 0, and moreover, that (1, 0, 0) defines 
a principal direction associated with the principal curvature 2 and that (0, 1,0) defines a principal 
direction associated with the principal curvature 0. These assumptions imply that 

b± = 1, 6 2 = and 64 = 

If we define the g : R 3 — > R by 

5 = 2V/A/ - (V|V/| 2 ,V/) - 4|V/| 3 

then, by Lemma [2,11 we get that g(x) = anytime /(x) = 0. It follows that the gradient of g must 
be a multiple of the gradient of / near the origin. Therefore the functions 

dg df dg df dg df dg df 

"1 = o o aI1 d G% = 7; 7; 7; 7; 

axi ax 3 ax 3 axi ax 2 ax 3 ax 3 ax 2 

must vanish at every point where / vanishes. Using the same argument we have that the functions 

_ dG x df 8G 1 Of n dG 1 df 8G 1 df n dG 2 df dG 2 df 

Gn = -7; — t; ^ — t; — , G12 = -7; — t; ^ — t; — and G 22 



9xi dx3 8x3 dx\ dx2 dx3 cte 3 dx 2 " dx 2 <9x 3 <9x 3 <9x 2 

vanish at every point where / vanishes. Likewise, we can keep using the same argument and define 
the functions 

111) ^112) ^122j ^222) Will) ^1112) ^1122) ^1222; ^2222 

Gum, Gim 2 , Gm 22 , Gn 222 , Gi 2222 and G 22222 

When we evaluate the functions above at we get polynomial equations on the coefficients of /. 
They are of the form 

<7ii...i fe =0 where qi x ...i k = G ix _ ik (0, 0, 0) 
A direct computation shows that q\ and g 2 are given by 

qi = 4 (3ai + a 6 - 36 5 ) and q 2 = 4 (3a 2 + a 4 - 6 6 ) 
Therefore, from the equations q\ = and g 2 = we get that 

a§ = — 3ai + 365 and 04 = — 3a 2 + b§ 
A direct computation shows that 

q n = -8 (6a 5 + a 7 - 3 (-2 + 26 3 - ai b 5 + b\ + a 2 6 6 )) 
qi2 = -12 (aio - 2 (a 2 6 5 + (ai - 65) 6 6 )) 
922 = -8 (a 7 + 3 (-0165 + ^5 + a 2 b 6 )) 
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Therefore, from the equations qn = 0, gi2 and 022 = we get that 

a 5 = -1 + 63-0165 + 65 + 0266 
010 = 2 (a 2 6 5 + (ai - 65) 6 6 ) 
a 7 = 3ai6 5 - 3 (65 + a 2 6 6 ) 

A direct computation shows that 

gin = 24 (Wa 8 + 4a?6 5 + 65 (13 + 6a 2 - 76 3 + 46 2 + a 2 6 6 - 36 2 ) + a x (-23 + 76 3 - 86§ + 2a 2 6 6 + 36 2 )) 

q 112 = -24 (-2a 9 + 4a^6 6 + (2 - 2a? + ai6 5 + bf) 6 6 + a 2 (-11 + 56 3 - 6ai6 5 + 7b\ + 46§)) 

0122 = 24 (l2a?6 5 - 01 (-3 + 36 3 + 246! + 10a2&6 + 3& 2) + ^ ( 2a 2 + 7a 2 6 6 + 3 (-1 + 63 + 46§ + bf))) 

q 22 2 = 24 ( 20ai& 6 + 3 (2a? - 5ai6 5 + 36§) 6 6 + a 2 (l + 63 - 14ai6 5 + 15&§ + 4fe|) ) 

Therefore, from the equations gm = and gn2 = we get that 

a 8 = — ( - 4a? 65 + ai (23 - 76 3 + 86 2 - 2a 2 6 6 - 3bj) - 65 (13 + 6a| - 76 3 + 46 2 + a 2 6 6 - 36 2 ) ) 

a 9 = - (4a|& 6 + (2 - 2a? + ai& 5 + bf) 6 6 + a 2 (-11 + 56 3 - 6ai& 5 + 76 2 + 46g)) 

A direct computation shows that 
48 

q uu = - — (96a? 6 5 + 120a^6 6 + 3a? (-19 + 266 3 - 866;? - 4a 2 6 6 - 6bf) + 
o 

3ai6 5 (73 - 12a 2 ; - 476 3 + 766?, - 38a 2 6 6 + 12bf) + 

a 2 6 6 (-295 + 856 3 + 1566?, + 30bj) + a\ (75 + 6O63 + 566? + 1106§) + 

3 (50 + 50a 3 - 546? - 226^ + 63 (-50 + 216?) - 66|6§) ) 
24 

01112 = - — (l0a?6 6 - 3a?6 5 (26a 2 + 556 6 ) + 
5 

65 (-162a$ + 223a?6 6 + a 2 (-421 + 1696 3 + 676? - 1396?) - 56 6 (-27 + 156 3 + 356? + 66?)) + 

ai (-74a?6 6 + 156 6 (-9 + 56 3 + 226? + 26?) + a 2 (496 - 2146 3 + b\ + 1296?)) ) 
24 

01122 = — (48a? 65 - 160a^6 6 - 2a? (-85 + 706 3 + 1816§ - 706?) + 
2a? (-183 + 726 3 + 1086? + 52a 2 6 6 - 126?) + 

36? (-117 + 636 3 + 1046? + 176?) + 3a 2 6 6 (-30 + 306 3 + 2216? + 206?) - 

ai& 5 (-717 - 312a? + 3336 3 + 5766? + 782a 2 6 6 + 276?) ) 
24 

01222 = — (90a?6 6 + 3a?6 5 (86a 2 +456 6 ) + 
5 

65 (-18aij + 467a?6 6 + 156 6 (-9 + 96 3 + 216§ + 86?) + a 2 (-339 + 2316 3 + 5136§ + 2596?)) - 
a a (l86a?6 6 + 156 6 (-9 + 96 3 + 366? + 86?) + a 2 (-384 + 2466 3 + 7716? + 3796?)) ) 
02222 = 48(8a36 6 + 3ai6 5 (l8-4a|- 126 3 + 126^- 256 2 ) + 

96? (-3 + 26 3 - 26? + 56?) + a 2 6 6 ( 9 + 56 3 + 76? + 186?) + 

a? (-27 + I863 - 186§ - 4a 2 & 6 + 306?) + a\ (-31 + 286 3 + 226? + 666?) ) 



By a direct computation we also get that 
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gillll = 24(-6afb 5 (82a 2 - 1956 6 )- 180af66 + 600a^6 6 + 

2a\ (-1095 + 3756 3 + 5296;? - 4206^) + 456§6 6 (-14 + 863 - 346;? + 136§) + 
2a\b % (-345 + 1506 3 - 8916;? + 506§) + 

2a\ (42a^6 6 + a 2 (-903 + 2676 3 + 3036;? - 1826;?) + 156 6 (-21 + 126 3 - 1116§ + 136;?)) + 
a 2 (— 4386f + 36;? (-542 + 586 3 - 5836;?) + 56;? (37 + 136 3 + 446;?)) + 

mb 5 (-828a| + 18580^6 - 156 6 (-84 + 486 3 - 2586;? + 656;?) + a 2 (3432 - 7086 3 + 3246§ + 21386;?)) ) 
72 

911112 = - — (72a? 6 5 + 2a? (-477 + 636 3 - 7446;?- 82a 2 6 6 - 1836;?) + 
o 

2a?6 5 (1056 - 250a^ + 516 3 + 20166;? + 621a 2 6 6 + 4046;?) + 
65 ( - 12(4 + !2726^ - 78a^6 6 - 256;? (-11 + 116 3 + 9bj) + 
bl (204 + 3546 3 + 766;?) - 

a 2 6 6 (-902 + 4986 3 + 4766;? + 1676;?) - 2a\ (-732 + 2536 3 + 150&S? + 7456;?) ) + 

a\ ( - 38886| + 396a^6 6 + 256;? (-11 + II63 + 9&jj) + 2a\ (-797 + 2436 3 + 4106;? + lll&g) - 

2b\ (681 + 2916 3 + 2596;?) + 2a 2 6 6 ( 2746 3 - 7 ( 78 + 436;? - 286;?)) )) 
24 

911122 = - — (I20o^6 6 - a\b G (2140 + 1020a? - 19606 3 + 2720ai6 5 - 42116;? + 9406;?) + 

2a\ (-435 + 756 3 + 90ai6 5 - 1346^ + 14206;?) + 

3 (ai - 65) 6 6 (l80a? - 672a?6 5 - 3ai (-418 + 1226 3 + 676;? - 4261) + 

65 (-1179 + 53163 + 6936| + 1246|) ) + 

a 2 (1860a? 65 - 2a? (-525 + 4656 3 + 29166§ + 844&|) + ai& 5 (-3006 + 23646 3 + 64296§ + 85256§) + 
3 (30 + 60a 3 - 106| + 6376§ - 8196^ + 350&| - 22496§6§ - 2206^ - 63 (20 + 4736§ + 3506§)) )) 



A direct computation using a computer program (Mathematica for example) shows that a Groebner 
Basis for the set of polynomials 

{9122 j 9222, 91111; 91112, 91122, 91222, 92222, 911111, 911112, 911122} 

with respect to the variables {a±, a 2 , 65, b§, 63} is { — 1 — a 3 + &3,a 2 ,ai — 65}. Therefore it follows 
that 

a 2 = 0, 65 = ai and 63 = 1 + 03 
Replacing these and the previous equations for the coefficients of / we get that 

/ = (1 + aixi + 6 6 x 2 + a 3 x 3 ) (x\ + x 3 + xfj 

which is a contradiction because / is irreducible. This finishes the proof of Case I. 

Let us prove case II. Let us assume that the curve a defined above contains the origin, it is 
parametrized by arc-length and its velocity at the origin is the vector (1,0,0). The assumption 
made in case II implies that not only / vanishes on the points in a but all the 3 partial derivatives 
of / vanish on these points. Since we are assuming that the origin is in S then, 
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q q q Q ry Q Q i"> 

/ = a\x'l + 02X2 + (J3X3 + 0,4x^2 + 05X2^3 + agx 2 xi + 07X2X3 + agx 3 xi + 
agx\x 2 + 010X1X2X3 + b\x\ + 62X2 + 6 3 x§ + 64X1X2 + 65X1X3 + 66X2X3 

Since the functions t — > J^(a(t)) vanish, then their derivatives at zero are zero, that is, 
0; therefore 



6n =0, 64 = and 65 = 

A direct computation using the fact that (c/'(0), c/(0)) = 0, shows that the second derivative of the 
function t — > at zero is §^(0); therefore, we also have that 

ai = 

These equations on the coefficients of / imply that /(xi,0, 0) = for all xi € R, that is, we have 
that the xi-axis is contained in S. Let us define 

u = (2|V/| 2 A/ - (V|Vjf , V/}) 2 - 4(n - 1) 2 |V/| 6 

by either Lemma 12.11 or Lemma I2.2[ we have that the polynomial in the variable x\, p\{x\) = 
u(xi, 0, 0) vanishes. A direct computation shows that the coefficient of x{ 2 is — 16(a 2 +a 2 ) 3 ; therefore, 



04 = and 05 = 

If we assume that as 7^ 0, then, a direct computation shows that /( — teiS&Es.^ 0, X3) = for all X3; 
therefore, we would have that P2(xs) = u(— b3+ ^ X3 , 0, X3) must also vanish. A direct computation 
shows that the coefficient of X3 2 is _ 16 (( al0a3 a8a9 ) + a8 ( a3 + a8 )) . therefore, ag must be zero which 

8 

contradict the initial assumption that as 7^ 0. Therefore 



a 8 = 

If we assume that 7^ 0, then, a direct computation shows that /(— b2+ ^ x2 , X2 , 0) = for all X2; 
therefore, we would have that P3(x2) = n(— b2+ ^ x2 , X2, 0) must also vanish. A direct computation 
shows that the coefficient of Xo 2 is — 16 (( al0a2 ~ a6a7 ) + a6 ( a2 + a6 )) ■ therefore, clq must be zero which 
contradict the initial assumption that clq 7^ 0. Therefore 



a 6 = 

At this point we may assume that a±o is not zero, otherwise / would be independent of xi which is 
impossible since the only cylinder that has mean curvature 1 is a circular cylinder. Without loss of 
generality we may assume that 



aio = 1 

A direct computation shows that for any nonzero X2 and X3 

,/ -62X3 - a 2 xl - 6 6 x 2 x 3 - a 7 xlx 3 - 6 3 x§ - a 9 x 2 x| - a 3 x| , 
/( , x 2 , x 3 ) = 

x 2 x 3 
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Therefore the polynomial function 



£4(22, £3) = (x 2 x 3 ) 6 it 



( 



62X2 — ^2^2 ~~ b$X2X3 — 07^2X3 — 63X3 — 09X2X3 — O3X3 

X 2 X 3 



X2 , X 3 ) 



must also vanish. A direct computation shows that the coefficient of the term X3 8 of p^ is — 1663; 
therefore, 



A direct computation shows that the coefficient of the term x| 4 of p^ is —1603; therefore, 



Therefore the / takes the following form: X2(&2X2 + 02X2 + ^6^3 + X1X3 + 07X2X3 + 09X3). This is a 
contradiction because we are assuming that / is irreducible. This finishes the proof of the theorem. 
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63 = 



a 3 = 



□ 
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